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Lemma 2 requires to impose the constraint ‘ut < v,,
and,
therefore, the convergence theorem holds for weights connecting the
Notice
hidden to the output units that are constrained in [U,,,, v,,,].
that, because of the use of threshold LMS cost functions, in no way
i s the constraint w, < wmaX restrictive.
The constraints wuz E [U,,,, wmax] can be implemented by fixing
the value of wz to wmln or w,
if the updating rule causes a “left”
or “right” violation of this constraint, respectively.
Remark 3-Threshold LMS Functions: The use of threshold LMS
functions turns out to be useful for proving the convergence of on-line
backpropagation. Basically, it allows us to deaI with weight solutions
where w, E [wmln, wmax]. In the case of symmetrical squashing
functions, to guarantee an optimal solution with null cost, the absolute
value d ( d = Id+l = 1d-I) of the targets must follow the condition
d < f((n2 1)wmax).
Remark 4-On the Discovered Weight Solution: Notice that no
each hidden unit’s weight vector needs to be a solution since,
because of the used stopping criterion, the algorithm terminates as
long as Iyo(W(k), V(ic), h o d Q ) / < E [@I)]. Hence, the learning
behavior in the hidden units is different since it depends on the value
of weights V of the last layer.

+

IV. CONCLUSIONS
In this paper, we have proven the companion of RosenbIatt’s PC
theorem for feedforward networks stating that on-line backpropagation is guaranteed to converge to an optimal solution in the case of
linearly separable patterns.
To some extent, this result is an attempt to address some of the
theoretical questions on optimal convergence raised by Minsky and
Papert in their intriguing epilogue on connectionist models [Ij.
A somewhat surprising result is that the optimal convergence is
guaranteed with no upper bound on the learning rate.
This suggest that on-line algorithms should not be considered
necessarily as an approximation of batch mode schemes, and that,
at least in the case assumed in this paper, the optimal convergence
of on-line algorithms can also be given a clear theoretical foundation
that need not rely on the shape of the cost function.
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Abstrmt- This note proposes an efficient alternative to a recently
proposed neural network for designing scalar quantizers. It also points
out that the performance measure used is of limited applicability.

I. INTRODUCTION
A recent letter [1j presented a novel neural-network learning rule,
BAR, (boundary adaptation rule) which was shown to converge to
a scalar quantizer with equiprobable outputs. Such quantizers will
be called maximum entropy quantizers (MEQ’s). It is interesting
that such a simple rule can produce these quantizers. Its practical
usefulness i s limited, however, by two factors. First, there are more
efficient algorithms which yield better results, and second MEQ’s are
unsuitable for many quantization tasks, as discussed below.
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11. DESIGNALGORITHM
FOR SCALAR MEQ’S
A k-level MEQ for a training set of N samples is any quantizer
whose ith threshold, O,, satisfies z( LiN/kl) 5 8, 5 z( LiN/kl I),
where z ( n ) denotes the nth smallest sample in the training set, and
1.1 denotes the integer part. The required z ( n ) can be obtained with
about (2 2 In 2)N log, k comparisons and no multiplications using
an algorithm employing the quantile selection procedure based on
Quicksort [2, ch. 91. When k is a power of two, the algorithm is
1) Locate the median, and hence partition the set into halves and
determine O k l 2 .
2) Repeat for each half of the training set until all 8, are known.
Each of the log, k levels of recursion requires (2 2 In 2) N+ o ( N )
comparisons on average, yielding the stated result.
Once the above algorithm terminates, in a small finite time, it yields
an exact MEQ for the training data. In comparison, although the BAR
algorithm converges to an exact MEQ for the input distribution in
infinite time, at any finite time it will not generally yield the best MEQ
for the data seen so far. Let N be the minimum number of samples
required to specify B, to a given accuracy with a given confidence. If
the BAR uses a binary search to determine Acto, (x),then each step
requires O(log k ) time, so both algorithms require O ( N log k ) time.
The BAR, however, requires many more than N samples for this
accuracy. In addition, since the 8, above are simply order statistics
of the data set, the size of the set required for a given accuracy can
be calculated, which is less straightforward for the BAR.
As with the BAR, this algorithm is fundamentally limited to the
scalar case by selecting thresholds rather than reconstruction levels.
Since this algorithm designs a static quantizer, it is only suitable
for stationary inputs, which is also a condition assumed in the
convergence proof of the BAR. While better algorithms no doubt
exist, this produces superior results faster than the BAR.

+

+

+

111. APPLICABILITY
OF MEQ’S
Quantization aims to find the “best” discrete representation of
a continuous signal. For pattem recognition, “best” is that which
retains most semantic information. For lossy coding, “best” is that
which minimizes the reconstruction distortion. Although intuitively
appealing, MEQ’s do not arise as the “best” quantizers for a particular
problem. (In fact, for coding it is desirable to minimize the entropy for
a given distortion to facilitate entropy coding.) Vector MEQ’s have
been proposed [3] to avoid vector under-use in minimum distortion
quantizers. (Enforcing equidistortion directly is better [4].) In the
vector case, this method of minimizing distortion is justified by the
theorem that in the limit of high dimension the minimum distortion
coder is also an MEQ since the distribution becomes uniform within
its support [ 5 ] . Thus designing a scalar quantizer on this principle is
questionable. Indeed, a multilevel MEQ with nearest-neighbor coding
for a highly peaked distribution can degenerate to producing a single
reconstruction level for all inputs, which is clearly undesirable. (For
example, a three-level MEQ for

as a -+ 0, where rect(z) = 1 if 1x1 < 1/2, 0 otherwise, maps any
input to zero.)
Also, although in high dimensions a minimum distortion quantizer
is an MEQ, the converse, used in [ 3 ] , need not hold. Consider a
quantizer which is an MEQ of the first component and always maps
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the other components to their mean values. This will be an MEQ for
the vector source, but is generally far from optimal.
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The boundary adaptation rule (BAR) is an unsupervised competitive learning rule for scalar quantization which maximizes
information-theoretic entropy and, thus, which yields an equiprobable
quantization of univariate probability distributions [ 11, [6]. In other
words, BAR is an algorithm for generating maximum entropy
quantizers (MEQ’s) without using a priori knowledge of the
probability distribution.
In essence, BAR is a numerical technique for integrating the
following system of ordinary differential equations:

with q the learning rate and D, and D,+1 two consecutive and
nonoverlapping quantization intervals separated by the boundary
point 0,. Hence, (1) represents a learning rule of a k-point scalar
quantizer in which the boundary points are updated, rather than
the interval’s midpoints (centroids). A faster way to integrate this
equation is by using the fast BAR rule (FBAR) [6] so that the original
BAR rule is of theoretical interest only. Recently, the BAR concept
has been generalized toward rth power law distortion minimization
[ 7 ] , for the high resolution case ( k large).

IV. BAR AS A DESIGNALGORITHM
FOR SCALAR
MEQ’S
It is evident that, given a training set of N samples, the fastest
way to arrive at a maximum entropy quantizer (MEQ) is to apply an
algorithm employing quantile selection based on a sorting algorithm
such as Quicksort. Procedures like this are in fact batch algorithms.
The major drawback of batch algorithms is that the design of
the quantizer only begins after the entire training set is available.
Hence, notwithstanding that the Quicksort-based algorithm is very
fast, it requires the memorization of all training samples. In addition,
such a procedure is unable to accommodate “on-line” changes in
the probability distribution. Finally, it cannot be extended to the
multidimensional case.
The boundary adaptation rule (BAR) is a neurally inspired learning
algorithm that operates in a completely different way. In BAR, the
quantizer is built “on the fly;” after the presentation of each input
sample, the boundary points are updated with small increments. In
this way, BAR is able to accommodate “on-line” changes in the input
probability distribution and to avoid the memory problem, but at the
expense of a reduced speed of convergence.
This trading of memory for speed in the Quicksortdased algorithm
brings to mind another issue. In case the samples are drawn from
a continuous distribution, we will face the formidable problem of
memorizing a massive number of training samples to achieve a
given accuracy. Hence, quantile selection will have to be replaced
by histogram collection. In that case, however, the a priori choice of
the location of the histogram’s quantization regions poses a chickenand-egg problem.
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The most widely used design algorithm for scalar quantizers, the
Lloyd I algorithm [8], is a batch algorithm in which weights are
adjusted incrementally. The Lloyd I algorithm has been generalized
also for designing mean absolute error (MAE) quantizers [9]. Since
minimum MAE quantization approximates maximum entropy quantization, we have compared the speed of BAR, or better of fast BAR
(FBAR), with generalized Lloyd I [6].We have found that FBAR is
at least an order of magnitude faster for a any reasonable size of IC.
Hence, batch algorithms performing incremental weight adjustments
are inherently slower than those performing sorting, but the former
are not necessarily faster than neurally-inspired learning algorithms.
In conclusion, a comparison between a Quicksort-based algorithm
and an algorithm performing incremental weight updates is not
entirely fair if it is based on speed considerations only; the two algorithms have different memorykpeed trade-offs and serve different
purposes. This should be taken into account in any comparison.

AS A DESIGNm C I P L E
V. CHOICE OF ENTROPYMAXIMIZATION

The design of any quantizer is the subject of a compromise, i.e., the
solution of an optimization problem with a given objective function.
For example, optimal quantizers maximize entropy or minimize a
distortion metric defined as a function of the difference between the
actual and the quantized input. Many distortion metrics have been
proposed in literature [lo], [ 111 but the most commonly used one is
the mean squared error (MSE) metric due to its mathematical simplicity. By maximizing entropy, one attempts to achieve an optimal
resource usage: the quantization intervals are used equally frequently
(equiprobable quantization). On the other hand, by minimizing a
given distortion metric, one attempts to achieve an optimal signal
representation.
There has been a lot of confusion in the neural network literature
about equiprobable quantization. Several neural network researchers
have started from the standard unsupervised competitive learning rule
(UCL), which minimizes the MSE distortion [12], and introduced
various mechanisms inspired by the “conscience” mechanism [ 131,
[14] as a way to avoid that neurons would become underused. In
essence, these mechanisms are aimed at achieving an equiprobable
quantization. MSE minimization, however, is not the same as entropy
maximization [6], [15] so that these modified UCL rules cannot yield
optimal quantizers.
In conclusion, it is not the optimization principle chosen for
designing scalar quantizers which is questionable, but the choice of
an algorithm which fails to yield an optimal quantizer.
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Corrections to “On the Local Minima Free
Condition of the Backpropagation Learning”
X.-H. Yu and G.-A. Chen

We regret that in [I], the author’s corrections were not included in
the final version. The proof of Lemma 3 should read as follows.
Proof: Let u k = [ulc(l),...,uk(Nh)],l 5 IC 5 P, be the
rows of X W ; . We simply assume that there is at least one column
(say, the ith column for notational convenience) of X Wi’ in which
identically valued elements do not exist, since for the case without
identical inputs, a column of XWF having identical elements only
occurs on a thin (Lebesgue measure zero) set3 in the weight space
formed by WI. Otherwise we can simply add a disturbation 6Wfto
WF such that this assumption is met. To characterize the singularity
of the matrix 19, we modify the input-to-hidden weight matrix as
nTl(X) = [~~(l),---,xw~(i),...,W~(Nh)]
. Noting that it is
assumed that for W,O the matrix Bois singular, we have
det R(X) = 0,

for X = 1

(9)
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31n fact, for noncoincident inputs, if U k ( i ) = u j ( i ) holds for k # j , W1
should take values on a hyperplan? given by ( X k - X 3 ) W 1 ( z )= 0, where
W l ( i )is the vector formed by all weights from input to the ith sigmoidal
hidden neuron.
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