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Abstract: There has been an interest to understand the trapping 
performance produced by a laser beam with a complex wavefront structure 
because the current methods for calculating trapping force ignore the effect 
of diffraction by a vectorial electromagnetic wave. In this letter, we present 
a method for determining radiation trapping force on a micro-particle, based 
on the vectorial diffraction theory and the Maxwell stress tensor approach. 
This exact method enables one to deal with not only complex apodization, 
phase, and polarization structures of trapping laser beams but also the effect 
of spherical aberration present in the trapping system. 
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1. Introduction 

Optical trapping of micro-particles by a single laser beam focused by a high numerical 
aperture (NA) microscope objective has become a useful and important tool for manipulation 
of small objects in many disciplines including physics, chemistry and biological studies [1]. 
The accurate knowledge of trapping forces is of crucial importance in these applications, for 
example, in understanding the dynamic performance of microtubule-based organelle motors 
[2] or the elastic properties of DNA molecules [3]. Recently, spatial phase modulators [4,5], 
and computer-generated holograms [6] are widely used for generating complex laser beams, 
such as Laguerre-Gaussian  beams, for novel laser trapping experiments [5-7]. Focusing of 
such beams with a high NA objective required for efficient trapping leads to a complicated 
amplitude, phase and polarization distributions of an electromagnetic (EM) field in the focal 
region [8]. Interaction of such a field with a micro-particle results in the controllable laser 
trapping technique [7,9]. 

Currently, there are in principle two methods for calculating trapping forces exerted on a 
spherical micro-particle, each of which has certain limitations and is not adequate to deal with 
the focal distribution complexity. The first method is based on the ray optics (RO) theory [10]. 
In this method, the wave nature of a trapping beam cannot be dealt with at all. Therefore, the 
magnitude of trapping force is independent of particle size and it is valid for large particles 
(larger than 10λ).The second method is based on the interaction of the fifth-order corrected 
Gaussian beam with a micro-particle and the Maxwell stress tensor approach [11]. This 
method indicates that the magnitude of trapping force is particle-size dependent and it is 
applicable for small particles (~λ order). However, a fifth-order Gaussian beam ignores the 
effect of diffraction by a high NA objective and thus does not correctly represent the EM 
phase and polarization distributions near the focus of a high NA objective (Figs. 1(b) and 
1(c)). In addition, neither of the two methods enables us to model the effect of  spherical 
aberration (SA) usually presents during laser trapping experiments due to the refractive index 
mismatch between the immersion oil (or the coverslip) and aqueous solution in which 
particles are situated. 

Recently, Rohrbach et al.[12,13] have developed a method for calculation of trapping 
forces of an EM wave on an arbitrary-shaped dielectric particle, based on the extension of 
Rayleigh-Debye theory to include second-order scattering, which considers a stronger 
interaction between the incident field and the particle. However, this method is limited to the 
case when the maximum phase shift k0(ns-nm)2r produced by the particle of radius r, is smaller 
than π/3. This is valid, for example, for a polystyrene particle in water illuminated by highly 
focused laser (λ0=1.064 µm) of radius r=370 nm or less, but for larger particles it would be 
inaccurate. Generalized Lorenz-Mie theory is another approach that can be used to determine 
the trapping force in the presence of the spherical aberration, but to date it has only been used 
to determine the on-axis trapping force [14,15]. 

In this paper we adopt the vectorial diffraction [16,17] approach to represent the highly 
focused beam and its interaction with a micro-particle, while the Maxwell stress tensor 
method is used to calculate the radiation trapping forces on a micro-particle. Such an approach 
enables one to consider the vectorial properties of the EM field distribution in the focal region 
of a high NA microscope objective. Effects such as the complex phase modulation, the 
refractive index mismatch, i.e., SA, the polarization dependence, and the objective 
apodization can be considered using our model without the loss of generality. 
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2. Model 

A schematic diagram of our model that includes the SA effect is shown in Fig 1(a), where the 
geometrical focus position defines the origin of our coordinate system, while the position of 
the particle is defined as the position of its center with respect to the origin. Such situation 
usually occurs when a dry or an oil immersion objective is used to trap particles suspended in 
water. 
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Fig.   1.   (a) Schematic of our model. Intensity distribution in (b) axial and (c) transversal 
directions (blue-X axis, red-Y axis) for the fifth-order Gaussian approximation (dashed line) 
and the vectorial diffraction theory (solid line). 

 
Using the vectorial Debye theory and considering a linearly polarized monochromatic 

plane wave focused into two media separated by a planar interface, one can express the 
electric and magnetic field distributions in the focal region of a high NA objective , if the 
polarization direction is along the x direction, as [16] 
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Equations (1) and (2) are given in spherical polar coordinates where indices 1 and 2 refers 
to the first medium (refractive index n1) and the second medium (refractive index n2), 

respectively. 1φ  is the angle of incidence on the planar interface, while 2φ  is the angle of 

refraction. pr is the position vector while 0k  and 1k  are wave vectors in vacuum, and the 

first medium, respectively. The focus depth is denoted by d, while functions ),,( 21 θφφc , 

),,( 21 θφφd , and κ  are defined in Ref. [16].   Function ),,( 21 d−Ψ φφ is so called the SA 
aberration function caused by the refractive index mismatching [16], where d represents the 
focal depth in the second medium Any other polarization state can be resolved into two 
orthogonal states each of which satisfies Eqs. (1) and (2). 

If we consider a homogeneous microsphere situated in the second medium n2 illuminated 
by a monochromatic EM field described by Eqs. (1) and (2), the net radiation force on the 
microsphere according to the steady-state Maxwell stress tensor analysis is given by [11] 
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where φ,r and θ  are spherical polar coordinates, rE  and rH are the radial parts of the 
resulting electric and magnetic fields evaluated on the spherical surface enclosing the particle. 
Eq. (3) can be further expressed as a series over the incident and scattered field coefficients 
[11]. All calculations are performed using standard computational methods for integral 
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evaluations. The trapping efficiency defined as a dimensionless factor Q is given by 

PncFQ 2= , where c denotes the speed of light in vacuum, F is the trapping force and P is 
the incident laser power at the focus. When Q is evaluated in the transverse direction it is 
known as the transverse trapping efficiency (TTE), while when evaluated in the axial 
direction it is known as the axial trapping efficiency (ATE). We can distinguish between two 
ATE; the forward ATE (positive value) corresponding to the inverted microscope 
configuration (particle pushing) and the backward ATE (negative value) corresponding to the 
upright microscope configuration (particle lifting). 

3. Particle size dependence and spherical aberration 

Since the incident illumination on the microsphere, given in Eqs. (1) and (2), differs from the 
fifth-order corrected Gaussian approximation (Fig. 1(b) and 1(c)), it can be expected that the 
respective trapping efficiencies predicted by the our model are different. In Fig. 2(a) a 
comparison between the fifth-order Gaussian and vectorial diffraction approaches in the case 
of polystyrene particles suspended in water is presented. The Gaussian beam waist is assumed 
to be ω0=0.4 µm while the vectorial diffraction method assumes the numerical aperture 
NA=1.2, which gives approximately the same focal spot size (Figs. 1(b) and 1(c)).  For small 
particles both methods give nearly the same TTE and ATE, which shows an ~r3 dependence 
as expected for Rayleigh sized particles [18]. When their size approaches the illumination 
wavelength the two methods differ significantly. However, in the case of very large particles 
(r=100 µm,) the extrapolation of the vectorial diffraction method (dotted lines in Fig. 2(a)) 
approaches the RO prediction. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.   2.   (a) Comparison between the fifth-order Gaussian approximation (empty symbols) and 
the vectorial diffraction theory (filled symbols) for the calculation of maximal TTE (triangles) 
and backward ATE (circles) of polystyrene particles suspended in water. λ0=1.064 µm, ω0=0.4 
µm and NA=1.2. (b) Maximal backward ATE of glass particles suspended in water, 
illuminated by a laser beam (λ0=1.064 µm), focused by an oil immersion microscope objective 
(NA=1.3). The effect of SA is considered at a depth of  9 µm from the cover glass 

 
SA plays an important role in laser trapping because most of the trapping experiments are 

performed under conditions where the refractive index mismatch occurs. Usually a high NA 
oil immersion objective is used for trapping while microparticles are suspended in water. The 
refractive index difference between the immersion and the suspending media leads to the SA 
when a trapping beam is focused deep into the suspending medium, which are manifested as 
focal spot distortions, and degrade the trapping efficiency of an optical trap. 

Using the approach given in Eqs. (1) and (2), one can easily incorporate the effect of SA 
on trapping force  at an arbitrary depth in the suspending medium. Without considering the 
effect of SA produced when a refractive index mismatch exist, as it does in most of the 
experimental measurements, one not only overestimate the value of the trapping efficiency but 
also lose its physical dependence on other factors such as the particle size. As it can be seen in 
Fig. 2(b), by including the effect of SA  the calculated backward ATE agrees with the 
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experimental data given by Felgner et al. [19] under the similar condition. Furthermore, the 
effect of morphology dependent resonance (MDR) is pronounced  for the particles whose size 
is of the order of wavelength in the case when SA is included. The stronger MDR effect is due 
to the better coupling of the incident field into the microsphere when  SA is present, because 
the focal region is larger and the field interaction with the edge of the sphere is more 
pronounced. 

A dependence of the trapping efficiency on the trapping distance from the cover glass, for 
both axial (Fig. 3(a)) and transverse (Fig. 3(b)) directions are investigated and compared with 
the experimental results given by Felgner et al. [19]. Note that the magnitude of the error bars 
of the experimental results  depends on the trapping distance from the cover glass because the 
measurement of the trapping force close to the cover glass is more uncertain than that deeper 
into the suspending medium. In the calculation, an oil immersion objective with NA=1.3 and 
an illumination wavelength λ0=1.064 µm are assumed, while the refractive indices are 
assumed to be 1.52 for oil and cover glass (index matched), 1.57 for polystyrene, 1.51 for 
glass, 1.33 for water and 1.41 for 60% glycerol. The calculated maximal ATE as a function of 
the distance d for the trapping of a spherical glass particle of diameter D=2.7 µm and 
suspended in water agrees (within its error bars) with the measured results (Fig. 3 (a)). This 
agreement at a large distance from the cover glass (deeper into the suspending medium) is 
better than that near the surface. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.   3.   Maximal backward ATE and TTE of a particle illuminated by a  laser (λ0=1.064 µm) 
focused by an oil immersion microscope objective (NA=1.3) as a function of the distance from 
the cover glass. (a) A glass particle of diameter D=2.7 µm in water. (b) A polystyrene particle 
of diameter D=1.02 µm suspended in 60 % glycerol solution. 

 
Due to the asymmetry in the transverse EM field distribution in the focal region of a high 

NA objective (Fig. 1(b) and 1(c)), the maximal TTE in the polarization direction (Qx) and in 
the direction perpendicular to the polarization direction (Qy), calculated for a polystyrene 
particle of D=1.02 µm suspended in a 60% glycerol solution, is different (Fig. 3(b)). The TTE 
in the Qx direction is generally smaller than that in the Qy direction. This difference is due to 
the elongation of the focal spot in the X direction. Such a difference of the TTE is larger near 
the surface. Although the absolute value of the TTE is slightly larger than the experimental 
result, which may be caused by our assumptions about the microscope objective and the 
suspending medium characteristics, the maximal TTE trend is consistent with the 
experimentally measured trend if the former is normalized by the experimental result obtained 
at a deep distance. 

3. Trapping force mapping 

According to our analysis of the dependence of the maximal trapping efficiency on particle 
size (Fig. 2(a)), both maximal TTE and backward ATE are greatly reduced when a particle 
becomes small. However, even though such presentation is related to the effect that is 
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measurable in the experiments, it does not give a clear physical picture of how the force 
depends on the relative position of the geometrical focus and the particle. Such a physical 
picture was presented by Ashkin et al. in the case of very large particles and was investigated 
using a RO model [10], which is not applicable for particles whose size is comparable to the 
illumination wavelength or smaller, and is particle size invariant. However, it could be 
expected that the force dependence of the relative position of the geometrical focus and the 
particle is markedly different for small and large particles due to the focus EM field 
distribution. We have considered two polystyrene particle sizes (r=200 nm and r=2µm) 
suspended in water illuminated by a 1.064 µm laser focused using NA=1.25 water immersion 
objective (Figs. 4(a) and 4(b)). For large particles, the magnitude and direction of the trapping 
force is similar to the one given by the RO model and it is seen that the particle is most 
strongly influenced when its boundary is situated near the geometrical focus, while away from 
the boundary the trapping force falls rapidly (Fig. 4(a)). Such a rapid decrease in the trapping 
force magnitude is not present when dealing with small particles (Fig. 4(b)). Even at a 
distance of twice the particle radius, the magnitude of the trapping efficiency is relatively 
unchanged. This is because the particle is much smaller than the focal field distribution so that 
even at a geometrical focus distance of  2r, the particle-field interaction is significant. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.   4.   Magnitude and direction of the trapping efficiency for various geometrical focus 
positions around a polystyrene particle suspended in water and illuminated by a λ0=1.064 µm 
laser focused by a NA=1.25 water immersion objective. (a) particle radius of 2 µm. (b) Particle 
radius of 200 nm. 

4. Conclusion 

In conclusion, we have presented an exact method for the radiation trapping force calculation. 
The EM field distribution in the focal region of a microscope objective is determined using 
the vectorial diffraction theory and the optical trapping force is evaluated using the Maxwell 
stress tensor approach. This method offers a number of advantages over an approximate 
method such as the fifth-order Gaussian beam incident field approximation. It has been shown 
that the trapping efficiencies evaluated using our method agree well with the experimental 
results. Its most important significance is that it provides the appropriate treatment of the 
incident illumination phase modulation, polarization and apodization as well as  SA occurred 
in trapping experiments for both small and large particles. 
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