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Abstract

We discuss general properties of discrete time quantum symmetry breaking in degenerate parametric
oscillators. Recent experiments in superconducting quantum circuit with Josephson junction
nonlinearities give rise to new properties of strong parametric coupling and nonlinearities. Exact
analytic solutions are obtained for the steady-state of this single-mode case of subharmonic
generation. We also obtain analytic solutions for the tunneling time over which the time symmetry-
breaking is lost above threshold. We find that additional anharmonic terms found in the
superconducting case increase the tunneling rate, and can also lead to new regimes of tristability as
well as bistability. Our analytic results are confirmed by number state calculations.

1. Introduction

Quantum time symmetry breaking is a widespread phenomenon in non-equilibrium quantum optics and
superconducting quantum circuits. For quantum clocks and lasers, time and phase are inter-related. Therefore,
quantum time symmetry breaking occurs in the electromagnetic phase. This is implicit in the use of coherent
states, which have a well-defined phase, to describe lasers [1, 2]. Number state and coherent state descriptions are
both complete descriptions in quantum mechanics. However, coherent state expansions allows one to recognize
more readily that time translational symmetry is broken through an observation of the phase.

Discrete time quantum symmetry breaking takes place in intra-cavity subharmonic generation, otherwise
known as degenerate parametric oscillators [3]. For quantum optical systems, an exact solution for the steady-
state quantum density matrix [4] is known for the special case of a single-mode system with no detunings or
anharmonicity. From this, one can calculate quantum tunneling between time phases [5]. Schrodinger cats
might also seem possible in the steady-state [6]. However, this is not the case [7], although transient Schrodinger
cat formation is possible [7-9] for strong enough coupling. Tunneling in these systems demonstrates the
existence of long range time order, which has been confirmed in optical experiments [10] that measured
extremely narrow subharmonic line-widths.

Classical spontaneous symmetry breaking is widespread in quantum optics and related fields, including
pattern formation with translational and cylindrical symmetry breaking [11], noncritical squeezing with
rotational symmetry breaking [12], and super-solid formation with continuous translational symmetry breaking
[13]. Similar to normal crystals which have a repeating pattern in space, systems with quantum time symmetry
breaking repeat themselves in time. In the case of spontaneous discrete time-translation symmetry breaking
oscillation takes place at a fraction of the frequency of some periodic driving force [14]. Here we consider the
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extent to which intra-cavity subharmonic generation leads to discrete time symmetry breaking. This requires an
investigation of the time-scale for restoration of the original symmetry from a symmetry-broken state.

As well as transient macroscopic superpositions and tunneling, subharmonic generators can also generate
space-time ordering [15]. These phenomena are often termed as time crystals [ 14, 16], since they combine
discrete time symmetry breaking with spatial ordering. Time crystals have also been observed in spin systems
[17, 18] and Bose—Einstein condensates [19] experimentally.

As an example of subharmonic generators, degenerate parametric oscillation has been investigated for along
time in optics [3-5, 7, 8, 15]. These devices convert a high-frequency input optical mode into two equal
frequency modes, whose frequency is half of the input mode’s, by means of the parametric nonlinearity. Below
threshold, they are quantum squeezed state generators. These are used to reduce quantum noise in gravity-wave
detectors [20, 21]. Networks of above threshold parametric devices are now being used as analog quantum
computers for NP-hard optimization [22, 23].

The most general case of single mode degenerate parametric oscillation involves arbitrary detunings,
nonlinear losses and anharmonic nonlinearities in the fundamental mode. This is characteristic, for example, of
superconducting cavity experiments [24]. In these investigations, two superconducting microwave cavities are
coupled through aJosephson junction in a bridge transmon configuration. Mode one, also termed ‘the storage’,
holds the mode with time symmetry breaking, and is designed to have minimal single-photon dissipation. Mode
two, ‘the readout’, is over-coupled to a transmission line, and it removes entropy from the storage.

These experiments used Josephson junctions to generate a coupling that exchanges pairs of photons in the
storage with single photons in the readout. Single-photon dissipation for both modes a; and a, are included. In
these systems, as well as other parametric devices with small mode volumes, there is a large anharmonic
nonlinearity, and possible detunings. These additional effects change the physics, and modify both the steady-
state quantum behavior and the tunneling rates compared to previous studies.

Quantum tunneling has also been studied in single-mode nonlinear photonic resonators, both theoretically
[5,25,26] and experimentally [27]. In our more general case there are several parameters to control the
tunneling rates, which were not included in previous work. We study the mean-field solutions in detail,
demonstrating the existence of a universal phase diagram with monostable, bistable and tristable phases.
Including quantum fluctuations, we obtain the full quantum distribution in all cases, and focus on the limiting
case of pure quantum tunneling at the midpoint of the hysteresis curve in the bistable region. This is the most
long-lived tunneling region. We show that in this regime there is an exponentially long tunneling time at large
driving. It is this case where quantum time symmetry breaking has the longest lifetime before the discrete
symmetry is restored.

We first obtain the exact steady-state solution expressed in form of a complex potential function. The regime
where damping exceeds coupling at the single-photon level is studied in detail. We find that quantum tunneling
occurs in this parameter region, slowly equilibrating a system with discrete time-symmetry breaking to the
steady-state. The tunneling time is obtained analytically within a novel, complex potential-barrier
approximation in the complex P-representation, valid at large photon number. The results agree with those
numerically obtained in the number-state basis for relatively small photon number. This opens the way to
studying quantum tunneling in multi-mode non-equilibrium systems, as in the coherent Ising machine [22, 23].

The paper is organized as follows. In section 2 we introduce the Hamiltonian of the two-mode quantum
circuit system. Taking the driving, damping and nonlinearities into account, the master equation for the time
evolution of the system is derived. We use the generalized P-representation to obtain a conditional Fokker—
Planck equation, and then employ adiabatic elimination of the strongly damped pump mode to obtain a simpler
one-mode Fokker—Planck equation. In section 3 the mean-field limit is analyzed, showing the existence of
stable, bistable and tristable phases.

The quantum steady-state and quantum tunneling are studied in section 4, demonstrating that a novel
complex manifold method can be used to calculate tunneling rates. In section 5, agreement between the analytic
results and numerical calculations using number states is obtained. Finally, section 6 gives an outlook and our
conclusions, with proofs of the complex tunneling rate method given in an appendix.

2. Time-evolution of the system

2.1. General model Hamiltonian

Quantum optical and quantum circuit physics are closely related. The principal difference is that quantum
circuits operate at much lower temperatures, and at microwave rather than optical frequencies. To treat both
cases, we consider a general model for nonlinear interactions and damping of two coupled bosonic modes of an
open system. We include driving, damping and both coherent and dissipative nonlinearities in the degenerate
parametric oscillator.
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We suppose that ay, a; are the kth mode annihilation and creation operators of modes at two different
frequencies wy in coupled resonant cavities. There is an overall quantum Hamiltonian given by

6 2
H=7Y Y HY", 2.1
n=1k=1

where H; = 3, H,E”) is the Hamiltonian for the kth mode, with driving, damping, and nonlinear terms We

define H®™ = 37, H{" as the sum over modes for the nth type of interaction. The detailed structure of these
terms is as follows:

H{" = [l}a} + h.c] + HE,
H,Ez) = [ff)a,jz + h.c.] + HY,
H,E3) = wka,jak,

HY =i&afe* + he.,

Hl(S) = Xaszalzj
2
H® = igazcﬂ2 + hec (2.2)

Here I}, are the external reservoir coupling operators with reservoir Hamiltonians HY, and & are the envelope
amplitudes of external coherent driving fields at angular frequency kw for the kth mode. The nonlinear
parameters are x for subharmonic generation and x for anharmonicity. We suppose w, ~ 2w; ~ 2w, so the
system can be externally driven simultaneously at fundamental and subharmonic frequencies, although we
include detunings as well.

In many typical experiments [24], the inputs are in the higher frequency mode, a,. Thus, the subharmonic
driving field is zero for such experiments. We will keep this term in the general Hamiltonian and exact solutions,
for completeness, but set it to zero in the tunneling calculations below.

2.2. Master equation
The system Hamiltonian H,., is defined as the reversible part of the Hamiltonian without reservoir couplings, so
that:

6
Hiey = /Y, H™. (2.3)
n=3
The rotating frame system Hamiltonian H* is obtained by subtracting the driving frequency terms This is used
to give a picture such that only slowly varying behavior is retained in the state equation, while the operators
evolve at their respective driving frequencies. Therefore, we define an interaction picture such that:

aj (t) = a] (0)e *, (2.4)

and evolve the density matrix using the subtracted Hamiltonian, H*®. From now on welet a; = a; (0),and
define:

H® = H, — > k/wwa] ay. (2.5)
k

This transformation has the effect of changing the mode frequencies in the Hamiltonian to relative detunings, so
that wy — Ay = wy — kw. The resulting master equation [28, 29] for the quantum density matrix p, on tracing
over all the reservoirs in the Markovian approximation, is:

i 1 o o
p=——IH® pl+ > WLl (2.6)
4 kj>0 J

Here 'yg) are the linear and nonlinear amplitude relaxation rates for j-boson relaxation in the kth mode, and n,ﬁj )
are the corresponding thermal occupations of the reservoirs. These are n,Ej) =1 / [exp (j/awy/kgT) — 1], where
jwy is the resonant frequency of the kth mode reservoir for the j-photon damping process, and k,j = 1,2. Note
that either resonant mode could have single-photon and/or two-photon losses [30], but for simplicity we only
include nonlinear losses for k = 1. Higher order decoherence is also possible [31], but not treated here.

Weset O = &/ to describe general j-photon damping in the kth mode, giving the the master equation super-
operator for decoherence as

LP[p] = 20p0" — p0'O — O'6p + 2010, p), O'. 2.7)

Wewill put n{" = n® = 0, for simplicity, since these reservoirs have at least twice the frequency of the
fundamental reservoirs, and will have lower thermal occupations, which we neglect. The energy relaxation rate
in each mode for single-particle decay is 2721). In the exact solutions presented in later sections, we also assume

3
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that 7"’ = 0. This allows us to investigate the important exact quantum tunneling solutions in the low-
temperature limit, although finite temperature effects in the fundamental reservoirs are included in the next
section for completeness. We include thermal occupation for single-photon processes at this stage, to show how
this alters the resulting equations in high temperature cases where such effects are important.

2.3. Fokker—Planck equation
We now introduce the generalized P-representation developed in the [32]. This expands the quantum density
matrix in terms of a complete operator basis A(a, @), and a P-representation P(cx, o) so that:

ﬁ:ffdu(a, o) P(a, a)A(a, o). (2.8)

The operator basis uses off-diagonal coherent state projection operators, and has the form,
Ma, o) = ) (o *|/ (ai *| @), where |ex) is a two-mode coherent state. This includes a normalizing factor
so that the P-distribution integrates to unity. The integration measures dy can be chosen as either a volume
measure on a full eight-dimensional complex space over the combined vector @ = («, a), or as a contour
integral on a complex manifold, which is explained in detail below. The advantage of this approach is that the
resulting Fokker—Planck equation is exact without truncation. This is not the case, for example, with the Wigner
representation. In the quantum-dominated regime with a strongly damped high-frequency mode, we show that
there is an exact solution for the equilibrium steady-state of the resulting single-mode Fokker—Planck equation.
All normally ordered quantum correlation functions are moments of the distribution, since:

(al .. ap) = f dp(a, a)P(ar, ah)lal ... ayl. (2.9)

Using standard operator identities, the resulting Fokker—Planck equation has the form that:

6 2
opP _ S 3 DY, (2.10)

n=1k=1
where we introduce the notation that D{" is a differential operator acting on the P-function. The derivative

operatorsare: 9y = 9/0cy, O = 0/0ajf, and the individual terms involved that correspond to each
Hamiltonian coupling are:

DY = 4O [(Okere + hoc) + nfM 3,071,
DR = 4@ [alafraf - %8120412] + hec.,

’Df’) =10k Aoy + hoc.,
’D%) = —0é + hc,,

. 1
DO = 1x[81a1+0412 — 58120412] + hc,,
©) + 1, 5 19
DY = k| -0y + 582041 + 581 o | + h.c. (2.11)

Here h.c. denotes a term generated from the hermitian conjugate operator identities, in which coefficients
are conjugated, and oy, — ;. Due to the freedom to make phase rotations in defining the mode operators, we
can define &, « to be real parameters without loss of generality.

By combining terms, we obtain the following Fokker—Planck equation, where u = 1,...4, d = (Ons> Oat)s
and an Einstein summation convention is used to sum over repeated indices:

Z—l: = [—QLAM + %aﬂayD;w]P- (212)

In this form it is convenient to introduce complex single particle decay rates y; and two-particle decay rates
g1, so that these parameters can be combined into complex rate terms:

=0 +iA, g =7+ ix (2.13)
With these definitions, the combined deterministic or drift term becomes:
& — map — glafalz + ko

. EF — Nra — dfonof? + kayad
A@) = 1~ N™ & oy 100 (2.14)

52 — Y20p — naf/Z

& — Yhaf — ka2
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The corresponding combined diffusion coefficient is then:

D(@) = [—DI 0], (2.15)
where the individual mode diffusion sub-matrices are:
2
Ky — oy I
D, = . (2.16)
L kaj - gla?

while ] = 2751)111(1) is the thermal noise coefficient.

2.4. Stochastic equations
Ifall modes have strong enough damping, so that all boundary terms vanish in the Fokker—Planck equation,
there is a corresponding stochastic equation for the positive P-representation [32], which can be writtenin a
combined vector form as:

— =A@ + B@<W), (2.17)
where the Gaussian noise term ( has a vanishing mean, and the only nonzero correlations are:

(GOGED) = 656(t — ). (2.18)

The corresponding combined stochastic coefficient is then:

B
B(d) = [—1 0], (2.19)
where the individual mode noise sub-matrices are:
1/2
Koy — glozl2 I
B = e (2.20)
L K Gy — & O

In the next section, we will focus on the steady-state solutions in the zero temperature limit, in order to
understand the steady-state properties of maximal quantum coherence. Although these stochastic equations are
useful when the damping rates of both modes are large compared to the nonlinearities, they have no known
analytic solutions. In addition, these stochastic equations can have boundary terms at strong coupling, leading to
instabilities. For this reason, we turn next to a hybrid method. This allows us to derive a solution for the complex
P-representation of the subharmonic mode, which allows us to analytically calculate the tunneling rate.

2.5.Hybrid representation

We will consider the case where the second harmonic mode is strongly damped, and the first harmonic mode is
not, as in many experiments. This will be treated in a hybrid measure, where the second harmonic mode is
treated stochastically, while the first harmonic is expanded on a complex manifold. In this case, we extend
methods used previously through defining a conditional P, distribution for the second harmonic mode that
depends on the amplitude of the first mode, so that:

p= [ dap@) [dap@lapiia, o). 2.21)
C

Since this a, mode is strongly damped, it can be readily solved on the relevant short time-scales. This is
equivalent to a standard characteristic function solution of a first order partial differential equation:

=& — may — Kai /2. (2.22)
In the limit of 7(21) > ’ygl), the second harmonic mode is rapidly damped to a deterministic solution
o = & = kai/2 (2.23)
V2
There is a similar equation for a5, which means that in the adiabatic limit
Py (@l dn) = 6(G2 — G3"). (2.24)

For simplicity, we assume that in this strong damping limit the corresponding detuning A, is negligible, and
therefore v, is treated as a real parameter. The details of adiabatic elimination in the full quantum theory are
treated in the next section.




10P Publishing

NewJ. Phys. 21 (2019) 093035 F-X Sunetal

2.6. Quantum adiabatic elimination

We will treat the quantum effects in the adiabatic limit, but with quantum noise included. We now introduce a
reduced P-representation obtained by tracing over the second-harmonic mode, so that p; = Tn(p). If we
expand the quantum density matrix in terms of a single-mode operator basis A,(@), and a single-mode
P-representation P(c), where & = @, one then obtains:

= [ [a@P@h@). (2.25)

The operator basis uses coherent state projection operators, as before, but with a simpler form,
Ay@) = |a) (a*|/{ca**| ). All normally ordered single-mode quantum correlation functions are moments
of the distribution, since:

(@ ... a) = ffcm(al)zsq(a)[o[+ . al. (2.26)
With this approach, the elimination of the a;, amplitude results in a single-mode Fokker—Planck equation
opP, 0 = 1 9% .
— =9 —[va - & - E@a" ]+ ———&(a) + hcpPy. 2.27
o {aa[’y 1 — E()ar] 28az() }1 (2.27)
Here v = ~, and the combined effective nonlinear loss is:
2 K?
FO =A@ 4 2 (2.28)
27,

This leads to a combined nonlinear coefficient g, where:

g=g + w27 =99+ ix. (2.29)
We have also defined
&) = g - ka?/2] — ga* =& — ga?, (2.30)
Y2

with £ = k&, /7,. Physically, £(«), together with its conjugate, £¥(a"), are input fields that include depletion.
The notation hc indicates hermitian conjugate terms obtained by the replacement of « — o, and the
conjugation of all complex parameters. In the present case that A, = 0, we have areal v, and areal £, but gis still
generally complex because of the nonzero anharmonic nonlinearity.

Itis simpler for the detailed analysis of this problem to use dimensionless parameters, which we define as
follows:

e=E&/g,
n= |5|’
c=7/(gn),
T =&t
ey
g&~Je
8 =a//c. (2.31)

We also introduce a relative phase, e’ = g/|g| = n/e. This gives a Fokker—Planck equation in a more
universal form, as:

OP\(B) _ ew{ 9 15— d— (1 - pyB*I+

or %
T L2 0y thelp) (2.32)
o 352 .C. 1 . .
Physically, time is scaled relative to the two-photon driving rate, while c is a complex dimensionless single-

photon loss and detuning. The important scaling parameter # is the photon number at which saturation of the
mode occupation occurs due to the nonlinear losses.

2.7. Equivalent Hamiltonian

After adiabatically eliminating the second harmonic mode [4, 24], we obtained a new Fokker—Planck equation,
as described above. This corresponds exactly to the dynamics for the fundamental quantum system with a = ay,
governed by the adiabatic Hamiltonian
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H, ’ . ; .
7A = Aya'a + 1[5161* + %a” — h.c.]—k%a'zaz, (2.33)

together with a single-photon loss v = 751) and an effective two-photon loss 7* which is defined above.
The master equation of the density matrix p, that is equivalent to the new Fokker—Planck equation given
above is then obtained as

2
%M = Lﬁ [Ha, p] + YV (2ap,a’ — a'ap, — p,a’a) + %(25[2;)1 a'? — a"2a’p, — p,a'?a?), (2.34)
i
where we have used a zero-temperature limit. Similar systems have been studied before where quantum
squeezing and bifurcation have been found [33-36], but here we focus on the issue of quantum tunneling.
Equation (2.34) can be solved numerically using a number-state expansion provided the photon number is
not too large. However, to gain more insight from analytic results, it is also possible to use the P-representation
directly, given the single-mode Fokker—Planck equation (2.27). In the following sections, we will employ both
methods.

3. Mean field theory predictions

Before carrying out the full quantum theory calculations, we obtain the predictions of mean field theory for the
degenerate parametric oscillator, where the system is described by the equation (2.17) but without fluctuations.
The resulting deterministic equations are a good approximation when the system has negligible quantum and
thermal noise. Since the noise terms are generated by nonlinearities, this implies that the nonlinearity at the
single photon level is much smaller than the damping. From the dimensionless Fokker—Planck equation,
equation (2.32), the mean-field limit corresponds to n — oo.

Earlier work on the mean field theory in single-mode driven systems included a degenerate parametric
oscillator without anharmonicity (i.e. x = 0) [3], and a purely anharmonic system without parametric terms
[37]. The steady state solutions for the deterministic equations were found and their stability was studied by
considering the behavior of small perturbations around these steady state solutions. This work showed that the
subharmonic mode has a steady state with zero mean amplitude when the pump amplitude is below a certain
critical value. Above this critical value, the zero mean subharmonic mode amplitude is no longer a stable steady
state solution. Rather, the mode has a bistable solution where the two steady states have an equal amplitude but
with a phase difference of 7. We now show that the situation when there is both anharmonic and detuning terms
added is more complex than this.

3.1. Mean field dynamics
In the mean field case, one sets i = o, and treats the dynamical equation of

‘}i—‘f ~ A, (3.1)

where the drift terms are

* 2 *
& — o — gogog + Koy

Mm—[ (3.2)

& — o — Kai /2

Here the single photon damping rates y; and vy, are generally complex. For 7(21) > 'yil), one can adiabatically
eliminating the mode av,, just as in the Fokker—Planck approach of equation (2.23).

Next, we set & = 0 in the mean field calculation, to correspond to the bistable situation of most interest
here. The mean-field equation for the mode amplitude o is then

a=—[y+ glala + & (3.3)

To simplify this, we introduce the dimensionless parameters of (2.31), which normalize the damping by the
driving. These equations can also be obtained directly from the scaled Fokker—Planck equation (2.32). On
scaling, the second-order derivative terms can be neglected in the mean-field limit of n > 1,leadingto the
mean-field dynamical equations:

98 _ eipa — 81 8% — A1, (3.4)
or
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3.2. Mean-field stationary states
To obtain the mean-field stationary values, we set § = 3 * = 0, 50 that

B*=MBP + clp
=B + c|?B*. (3.5)
This has the solutions 3 = 0, together with the solutions of the quadratic
[cP =1+ @+ cHIBP+8]*=0. (3.6)

The quadratic has two roots for the intra-cavity intensity:
18> = =R(c) + II(0), (3.7)

where:

II(c) = /1 — J(c)*. (3.8)

Since this is an intensity, a negative solution or complex solution is not possible. A real solution clearly requires
|J(c)| < 1. After calculating the corresponding amplitude in each case of a non-negative intensity, we find that
there are in general three types of stationary solutions, which we classify below.

Each may be stable or unstable, as we see in the next subsection.

(i) Vacuum solutions. These have 3 = 0, which is always a stationary solution.

(ii) Positive branch solutions. Taking the upper sign in the intensity equation (3.7), this has a positive solution
eitherif R(c) = (c + ¢*)/2 < 0and|J(c)| < 1, orelseif thereisalarge enough driving field so that
lc] < 1 .Thecorrespondingamplitude is:

B = £1 — I(c) + (> — |cP) /2. (3.9)

This is the only possible solution in the mean-field limit, if one has no detunings. We show in the next
section that this corresponds to a stationary point (4.17) of the quantum P-representation distribution.

(iii) Negative branch solutions. Next, investigating the lower sign case of 3.7, this has a positive solution if both
R(c) < 0,and thereis a small enough driving field so that |c| > 1 > |J(¢)| , with aresulting amplitude of:

B = 1 + cl(e) + (> — |d) /2. (3.10)

Since we are considering the case of A, = 0, we have the equation:

PN + XA
g€l

Thus PR(c) < 0ispossible if we take x4\ < —W(Z)yil). This can occur with an anharmonic term at large

R(c) = (3.11)

detunings, even if 'yil) > x asrequired for the mean-field limit. As we see below, this occurs as an unstable
branch in degenerate parametric oscillation. This is analogous to the bistable intensity found in an
anharmonic cavity [37] driven at the fundamental. In this case the cavity is driven at its second harmonic.

3.3. Mean-field stability properties
We are interested in the stability of these steady states. To obtain this, we calculate the linearized equations for
small perturbations, which reads

dfes]_[eI-218F —a  &'la - pA] 66 G5.12)
dr| 6p* e [(1 — )] e [—2 |8 — ¥ 66%| '

The corresponding eigenvalues A are

A= —RIP2BP + cll £ VRGP + cD? — 218P + e + 1 - 5P (3.13)
We obtain stability if all eigenvalues are negative, so that there are two conditions for stability:
(@R[e[2 |8 + ]l >0, (3.14)
and:
M2 I8P + ¢l — |1 = B > 0. (3.15)

We now analyze the different types of solution:

8
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So (1) (1)

Figure 1. The phase diagram for mean-field stability. The unique stable vacuum solution can be observed in region (I). In region (II)
above threshold, there is bistability. Region (III) is where one can observe tristability.

Type 1 solutions. For 3" = 0 the stability condition (a) implies that:
, A
Rlel’c] = - >0, (3.16)
lgl
which is always true, and also from condition (b) that the driving field is below threshold, i.e.
le] > 1. (3.17)

Thus, the vacuum solution is stable below threshold and unstable above threshold.
Type 2 solutions. The 39 solutions can occur for either sign of R(c).

+ Firstly, consider the case of 2R(c) > 0. For the above threshold case, condition (a) implies that
R[e’Q2I1(c) — c¥)] > 0, (3.18)
which is always true in the region of |c| < 1where the solution is valid. Condition (b) takes the form of
[1I(c) — R()I(c) > 0, (3.19)
which is equivalent to |¢| < 1. Thus the solution is stable when SR(c) > 0, |¢| < 1.

+ Next, consider the case of SR(c) < 0. We find that both of the stability conditions are always true, provided the
solution exists, which is for [J(¢)| < 1.

Type 3 solutions. The 3 solutions only occur for 9R(c) < 0.Condition (a) implies that, for stability,
R[el’[—c* — 201(0)]] > 0. (3.20)
Condition (b) implies that
[II(c) + R(c)]TI(c) > 0, (3.21)

which is only satisfied if |¢| < 1. Since the solution is valid only if |c| > 1, the type 3 solution is never stable.

3.4. Phase-diagram and discrete time symmetry breaking

We have found three types of stationary solutions. Their behavior changes depending on the complex parameter
¢. This gives a definite phase-diagram, as shown in figure 1, with one phase for |¢| < 1, and two phases

for|c| > 1.

(I) In the region of 9(c) > 0 we find only one stationary point, the Y stable vacuum solution, with |¢| > 1.
This phase also extends to PR(c) < 0, in which case there is an additional constraint. We find a unique stable
vacuum solution onlyif1 < |J(c)| < |-

(I) There are three stationary points when |c| < 1, for either sign of 9(c). In this phase the 3" vacuum
solution exists but is unstable, while there are a pair of ﬂ(z) stable above threshold solutions. This is an
example of bistability.
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(III) For R(c) < 0, and |JT(c)| < 1 < |¢|, there are five stationary points with BV stable, 3 stable, and 5
unstable. This is an example of tristability.

In summary, the vacuum steady state 3 = 0is stable only at a driving field below threshold, of £ < ||, or
k&, < 7|7v], and the bistable states occur at large driving field, when k&, > ~,||. There is also a tristable regime
below threshold in which the vacuum state is stable, but there are stable solutions of finite amplitude as well.
Otherwise, the real part of the eigenvalue will be positive, which means that the solutions become unstable in the
corresponding parameter region.

Hence, in general there can be up to five stationary solutions. The nonvanishing solutions correspond to an
output electromagnetic field of

E x £sin(w(t — 1)), (3.22)

where t; is a time-origin that depends on the details of the input and output coupling.
The stable 5% solutions exist in either bistable (phase IT) or tristable (phase III) regimes. These solutions
always come in pairs, whose two solutions differ by a time translation, since:

—sin(w(t — {)) =sin(w({ — ) — 7
=sin(w(t — B)). (3.23)

Heret, = t; + 7/w, which defines a second discrete time origin. Thus, the system can relax to a steady-state
that corresponds to either time origin. This is called spontaneous discrete time symmetry breaking. However,
this behavior is only possible if these are stable solutions.

These results imply that in the mean-field limit, the above-threshold steady-state solutions have a
spontaneous discrete time-translation symmetry-breaking. However, so far we have ignored quantum
fluctuations, which we turn to next.

4. Quantum steady-state and tunneling

In the mean field picture, once the subharmonic mode reaches a stable state, no further dynamics will be
observed. This picture is not accurate once fluctuations are taken into account. In the presence of either classical
(thermal noise) [38, 39] or quantum fluctuations [7], a steady state can reach the other steady state of the
multistable solutions predicted by mean field theory. Beyond mean field theory, where damping and noise is
included, the degenerate parametric oscillator obeys a master equation, where the steady state solutions and the
switching rate between these states are obtained either by solving the corresponding Fokker—Planck equation
[5,40, 41] or solving for the zero eigenvalue and its eigenvector of the super-operator dictating the time
evolution in a master equation, expanded over a basis representation such as the Fock state basis[26, 27, 41-43].

Hence, we now turn to the full quantum behavior of this system. This allows us to derive the full steady-state
quantum statistics, and to demonstrate that spontaneous symmetry breaking has an exponentially long lifetime
atlarge photon number. We note that, unlike the mean-field solutions, these full quantum solutions require the
inclusion of off-diagonal coherent projectors, which increase the phase-space dimensionality compared to the
classical, mean-field behavior.

4.1. Steady-state quantum solutions
In the zero temperature case, the steady-state solution of the scaled Fokker—Planck equation (2.32) can be readily
found by using the method of potential equations [44—47]

Pi(B) = N exp[-®(B)], (4.1)

where Nis a normalization constant and @ satisfies

“—_fma_@:(c—l)ﬁ—(l—ﬁz)w_d’
n

2n 0p
_ B+2
s Znﬁ )aa; B (C* - %)W — (1= B - d~, (42)

These differential equations can be obtained by inserting the form (4.1) into the Fokker—Planck equation (2.32)
and setting OP; /01 = 0.
Itis simplest to proceed by introducing a shifted ¢ parameter:

1
C=c— —, (4.3)
n

10
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where ¢ — ¢ inthe classical limit of # — o0. Including quantum noise, the exact steady-state solution is defined
by the potential:

e(B) = —n[ﬁﬁ + ¢ln(1 — 3% + dln(i + g] + h.c.], (4.4)

so that in the scaled coherent space:
Ps(B) = NI(1 + B (1 — F 41 + )71 — 57 TexpB1H)I". (4.5)

This gives the exact zero-temperature solution for the steady-state of the density matrix, provided itis
accompanied by a choice of contours that leads to a solution that is bounded, which we treat in detail in the next
subsection. While formally similar to previous solutions, we note that all the parameters here can have complex
values, which is necessary when treating the physics of recent quantum circuit experiments.

In the tunneling calculation below, we assume that the resonant driving field is only added on mode a, so
that & = 0and A, = 0, which is the situation in recent experiments [24]. In this case, the exact steady-state
potential is:

®(B) = —n[BB + éln(1 — B + h.cl, (4.6)
and the probability distribution is:
Ps(B) = N[(1 — BH°(1 — B+)exp2B*B)]". (4.7)

The solution above is a time-symmetric mixed state, which includes an equal probability of observing either
of the two possible output amplitudes. We now wish to calculate the rate at which the system can switch from
one phase to the other, i.e. the rate at which time symmetry is restored once it is broken by an observation of one
or the other of the two possible output amplitudes.

For simplicity in this discussion of tunneling, we will assume 2R(¢) > 0 and in the phase (II) bistable region.
We get potential solutions vanishing on boundaries when $3(¢) > 0, as shown in this work. In the case that
R(¢) < 0, the potential diverges on the boundaries. This means that the physics of tunneling may be very
different, and requires a different type of manifold for its treatment, which we analyze elsewhere.

To this end, we discuss the physical interpretation of the parameter region 2R(¢) > 0. We note that
E=(y—g)/@gn, ="+ iAjand g = ¥? + ix.Asaresult, we have
PO - ) - x = A) A - PA

EJ(YD) + ) EJOY)? +
Thus we will have Y® ({" — /@) — x(x — A)) > 0inthe region of R(¢) > 0, which means that typically
one has 'ygl) > 4@, although there is also a nonlinear coupling x and a detuning A; which can change this
relationship. We see that in the case that the detuning A is negligible, the linear damping rate is larger than the
nonlinear coupling when R(¢) > 0.

= (4.8)

4.2. Tunneling regime with R(¢) > 0

Geometrically, we can regard the quantum dynamics as occurring via a distribution function defined on a two-
dimensional manifold embedded in a four-dimensional complex space. In this paper, we focus on the
tunneling-dominated regime of PR(¢) > 0, i.e. the region of large single-photon loss and small nonlinear
coupling, so that the potential function vanishes at the boundaries of a probability domain defined by square
boundariesat 3 = +1or 3" = +1. The manifold must also includes the vacuum state at 3 = 3" = 0, which is
the starting point of any dynamical experiment.

We expect tunneling between minima of the potential as in earlier work [5, 41]. However, in this earlier
work, the parameters were real and there was no anharmonicity. In the present case, the probability domain that
includes these minima is no longer necessarily a plane with real values of 3, 3. We now analyze the locations of
these minima in the four dimensional space of coherent amplitudes.

To find the stable points, we will solve two equations analogous to the mean-field stationarity conditions, but
generalized to four dimensions:

q)la_q)n[zﬂJrJr 288 ]0’

ap 1—p?
0D 28%3+
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If Band 3" are nonzero real numbers, we see that —2/3" is real, but in general 2¢3/(1 — (3?) is complex, so the
equations (4.9) cannot be satisfied. This means that there is generally at least one complex number in Sand 3"
for nontrivial solutions of the stationary points of the potential.

The potential function (4.6) could be complex because &, 3 and 3" are complex numbers. The stationary
points obtained by equations (4.9) are divided into three types: the origin solution (8 = 3" = 0), the classical
solutions (3% = 3*)and the nonclassical solutions (3% = — 3*). For all three types of solution, the potential
functions (4.6) are always real. This means that we can study the stationary points in their neighborhoods to find
whether they are local minima, maxima, or saddle points. In each case, we assume that required relations define
alocally planar surface in a neighborhood of the solution, in order to define the derivatives.

4.3. Local stationary points

As mentioned above, we find three types of solutions on solving equations (4.9). It is common to use the Hessian
matrix to determine whether the roots are local minima, maxima, or saddle points [48]. The Hessian matrix is
defined by the second derivatives of the potential function:

O Oy
M = , 4.10
[% <I>22] (*+10)
where
o = 070 _ 2en(1 + 5 _ 0% 28*n(1 + D)
= P2 (1 — 32 ’ 2 = op+? (1 — 322
0*®
Sp=— = —2n=9,,. 4.11
12 35*35 n 21 ( )

If the Hessian matrix is positive definite at a stationary point B, Bisanisolated local minimum of the potential
function <I>(B ).Fora2 x 2 matrix, positive definite is equivalent to a positive determinant |M | > 0 and a
positive trace Tr(M) > 0. Similarly, the Hessian matrix is negative definite at a stationary point when it is an
isolated local maximum, which is equivalent to a positive determinant |M | > 0 and a negative trace
Tr(M) < 0. Atasaddle point, the Hessian matrix has both positive and negative eigenvalues, which leads to a
negative determinant |[M | < 0 [48, 49].

The first type of solution is at the origin, § = 8t = 0.The potential is simply & = (0, 0) = 0,and in
this case, the second derivatives are

PO — 28(1 + (3%

WS g [T
261 + B+ y
@ = a—pge |70 28%n,
Y = —2n. (4.12)

Therefore, the Hessian matrix determinant is obtained as

#y ol

M| =
By ol

= 4n2(5? — 1). (4.13)

If|¢] < 1,wehave|M@| < 0, which means that the origin point is a saddle point. This is generally stable below
threshold, and unstable above threshold, as expected from the previous mean-field analysis.

As we will see in the following, other minima as well as the quantum tunneling only occur when |¢] < 1,
which means that this first type of solution plays the role of a saddle point in understanding quantum tunneling.
In subharmonic generators, the bistable solutions only take place above threshold. In our calculations, bistable
solutions are obtained as double minima in the manifold, occurring in the parameter region of |¢| < 1.Itisalso
possible to have tristability, as explained in the mean-field section.

4.4. Classical stable points

The second type of stable pointis 5+ = 3% = r exp(—ip) = 0. These conditions would correspond to a
coherent state projector, so we term them classical stable points, and they closely match the corresponding stable
mean-field solutions for n > 1. For simplicity, we assume that we have a bistable or phase II situation, rather
than the more complex tristable phase I1I situation.

12
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In this case equations (4.9) can be transformed into

. Zrel?
= 4.14
e 1 — r2edy (4-14)
and therefore
r2=e2¥ _ ¢ (4.15)

Because ris real, we have

sin(2p) = —J(), r*=+J1—T3@? — RE@) > 0. (4.16)

Taking the positive sign to obtain the bistable region, the condition * > 0is equivalent to |¢| < 1. This means
that 72 = | 3> < 1aswell. We note that for small values of 1, the exact phase boundaries are modified due to the
factthat ¢ = ¢.Infactitis better to regard this as a somewhat fuzzy criterion at small #, since quantum
fluctuations tend to broaden these phase distinctions.

Labelling these stationary points as 3, 3©+, we finally get

BO=%[1+ (& — e /2 — eII@®)]/?,
BOT = £[1 + (&% — |8)) /2 — & TI(@)]V/2. (4.17)
Here we have set TI(¢) = /1 — J(¢)? asin the mean-field analysis, while 59and 9T are generally complex.

These solutions correspond to the mean-field solutions above threshold obtained previously, except that now we
use the quantum noise modified value of the coupling ¢, rather than its mean-field value. If ¢ is a real number,

the results will reduce to (39, 3©+) = (£+/1 — &, /1 — &), which corresponds to the first line of equation
4.7)in[41]withn = p/g% & = o/u, oy = /n 3, with no anharmonic term.
In this classical stationary point case, the second derivatives are
PO — n4+4 e — [eff - 2el(©)
[3() — 1@
44+ 2 — [P — 28*TI(E)
[3@) + @

¢
n
=2
c

Y = —2n. (4.18)
Hence, the determinant of Hessian matrix is obtained
16n% _ . -
IM©| = P (@) [T1(E) — RE@)]. (4.19)
¢

We expect that the classical stable points are only valid with the condition |¢] < 1.Itis directly checked that
IM©] > 0and the real part Re[®{)] > 0. We note that & = ®{*, which leads to Tr[M©] > 0. Thus, these
stable points are minima in the quantum potential, that is, they are local attractors. As the bistable states only
occur above threshold, the condition |¢] < 1 corresponds to the threshold value in degenerate parametric
oscillators.

4.5. Complex phase-space manifold
As introduced at the beginning of the section 4.2 and in earlier work [5, 41], in order to study quantum tunneling
analytically, we need to find a two-dimensional manifold embedded in a four-dimensional complex space. The
potential function defined on this manifold vanishes at the boundaries 3 = +1 or 3" = +1. The manifold must
also include the vacuum state at 3 = 3 = 0, as well as the classical stable points (4.17), so that quantum
tunneling can take place. In order to define them as local saddle points or minima, we assume that on the
manifold there is a locally planar surface in a neighborhood of the solutions.

Given these considerations, we define a curved surface through the stable points, 5 = ei?| 3|,
parameterized as:

B=x(1+itan(p), B*=y( — itan(p)). (4.20)
For large x, y we want to include the real boundaries such that 3 = £1, 87 = %1, are on the manifold.
Therefore, we can modify this as:
0 = x + ix tan (@) cos? (xm/2) cos? (ym/2),
BT =y — iy tan(y) cos? (xm/2) cos? (ym/2). (4.21)
In thelimitof p — 0 this gives the correct behavior of the required manifold, as a tilted plane which is cutoff at
the edges to give the square manifold with vanishing boundaries.

This manifold is plotted in the figure 2, for p = 0.01. One could also modify the cutoff function to give
different behavior in the classical and quantum directions, but we only wish to consider the simplest case here.

13
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y L X y 4 - X

Figure 2. The manifold where we define our Fokker—Planck equation and the potential. The manifold has been parameterized (4.21).
Because it is embedded in a 4D space, we can only plot the manifold with one dimension omitted. Figure (a) shows the manifold with
real variables (x, y, Im(3)) where the imaginary part of 3" is omitted, and figure (b) shows (x, y, Im(3")) where the imaginary part of 3
is omitted. In these figures, ¢ = 0.33 + 0.17i,n = 3andp = 0.01.

0
X

Figure 3. The potential <I>(B ) (4.6) on the manifold (4.21). Figure (a) shows the real part of ®( B ) with the parameterized variables (x,
), and figure (b) shows the related contour figure of Re[®(3)]. Figure (c) shows the image part of ® () with (x, y), and the figure (d)
shows the related contour figure of Im[®(3)]. In these figures, ¢ = 0.33 + 0.17i, n = 3andp = 0.01.

On this manifold (4.21), we show the potential <I>(B ) (4.6) in figure 3. We can obtain the local minima and
the saddle point from the real part of the potential in figures 3(a) and (b). In the neighborhood of these points,
figures 3(c) and (d) show that Im(®) = 0. Thus it is valid to define local minima and a saddle point just as with
real potentials.

We also show that quantum tunneling will take place between these classical minima through the saddle
point in the appendix, where we generalized the potential-barrier approximation to complex cases and derived
the tunneling time for a complex Fokker—Planck equation.

4.6. Quantum stable points

There is another possible stationary value of the potential, which is for 5 = —37*. These would correspond to a
superposition of distinct coherent states, which is a uniquely quantum effect, so we term them quantum stable
points. By labelling these points as 5% and 3? T, we finally obtain
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@ =£[1 + @ — &) /2 + TL@®]/?,
Bt =F[1 + @2 — [c) /2 + STL@)]/?, (4.22)
with |¢] < 1,1.e. above threshold. If cis a real number, the results reduce to
(B9, B@+) = (£/1 + &, F/1 + &), which corresponds to the second line of equation (4.7) in [41], where
there is no anharmonic term.
In this case, the second derivatives are

o n4+E— [P +2eM@

YE 0@ + HE)P
g n A+ P + 227

P [DE - 0EP
YW = —2n. (4.23)

Hence, the Hessian determinant is
1 2
M@ = ﬁ—l’;H@[H(E) + RE) (4.24)
Cc

Considering that |¢] < 1, itis easily checked that [M@| > 0 and Re[®?] > 0. Because &% is the complex
conjugate of ®9, the trace of Hessian matrix is then positive: Tr[M@] > 0. Thus, these stable points are also
expected to be minima of the potential.

We note that |3@| > 1since|é| < 1, so these are farther from the origin than the classical minima, and in
fact outside the boundaries of the stable manifold considered here. Therefore, tunneling occurs between the
stable classical minima through the saddle point at the origin. This type of quantum stable point becomes

important for extremely strong coupling, and will be treated in detail elsewhere.

4.7. Tunneling rate
In order to calculate the tunneling rate between the classical minima through the saddle point at the origin, we
use a transformation to define variables (1, v) = F(3, 31) where the classical minimal points are placed on the
axis of u. With these new variables, the diffusion coefficient is a constant. This simplifies the calculation of the
tunneling time via the potential-barrier approximation [5, 41, 50, 51], which is generalized for complex cases in
appendix.
Here we consider the transformation introduced in appendix, and combine equations (A.2) and (A.5) to
give:
u = e 0/2%i05in"1 3 4 eif/2e~idsin "1 g1,
= e 10/2e~i05in "1 3 — i/ 2ei05in—1 g+, (4.25)

The inverse transformation of equation (4.25) is

G =sin[Y,], BT =sin[Y], (4.26)
with the notation that
 ei02+0)y, 4 ei0/2-0),,
T 2cos2¢p ’
o Oy — 0y 427)
2cos2¢p

As explained in the appendix, ¢ = 1) — 6/2 with sin~! 3©) = re¥’. Here e’ = g/|g| = n/¢ hasbeen
introduced in the section 2.6. In the following, we will express the classical stable points 3 with the newly
introduced variables 1 and v. Then we can study the tunneling rate for our system by applying the analytic
tunneling time result (A.27) obtained in the appendix.

Considering the manifold (4.21) where our potential is defined on, the variables (1, v) can be parameterized
directly

u = e 1929sin"! [x + ix tan (@) cos? (x7/2) cos? (ym/2)]

+ el?2e19sin~1[y — iy tan (¢) cos? (xm/2) cos? (ym/2)], (4.28)
v = e 10/2e"1%5in"! [x + ix tan () cos? (x7/2) cos? (ym/2)]

— el%/2ei95in"! [y — iy tan () cos? (xm/2) cos? (y7/2)], (4.29)

with p — 0.Itis straightforward to find that for the ¢ defined in the appendix, the classical minimal points will
be placed on the axis of u,i.e. v = 0. In this case, the Fokker—Planck equation (2.32) is transformed to
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op _ { _ 9 [el072+d) cos (Y, )sin (Y_) + e 1072+ cos (Y_) sin (L)

or ou
— 2el@/24tan (T}) — e 10/2+tan (Y1)
— %[ei(g/ 2= cos (L) sin (Y) — e 10729 cos (Y) sin (L)
2 2
— ¢ell0/2=d)tan (Y,) + &¥e 10/2-Dtan (Y)] + a—ZM + 8—2COS 20 P. (4.30)
ou?* n ov: n

Here we have introduce another shifted coupling constant which interpolates between the men-field coupling
and the one used to analyze the 3 manifold:

c=c+

1
> (4. 3 1)
2n
which effectively defines the relevant region of the phase diagram. Thus the diffusion coefficients are all constant
and equal, which means that we can use the potential-barrier approximation [5, 41, 50, 51], generalized in
appendix, to obtain the tunneling rate.

We can obtain the Jacobean in the form of

a0

ou E 1
= =— T T 4.32
J 05# af 2C052¢COS[ +]cos[T] (4.32)
u v

Using the relations P, (1, v) = JB.(83, 3)and P..(u, v) = N’ exp(—®(u, v)), the potential is given by
®(u, v) = —n[2sin[Yy]sin [T_] + ¢ln {cos? [T}]} + &*In {cos? [Y_]}]. (4.33)

The minimal points of the potential in the 1 and v variables are found where the gradient of the potential is zero.
Thus we find that the classical minimal points are located at (u(9), v()) = (&2r cos 2¢, 0), where

re =sin"'B = sin ' [1 + (&2 — [¢]?) /2 — eI1(e)]'/3, (4.34)
with ¢ = 1 — 6/2and hence

re W = sin"'B* = sin [l + (&** — |¢]?) /2 — e*1(@)]/2. (4.35)

From the manifold (4.21) and the transformation (4.25), we will find that the line of v = 0 with real u is on this
manifold, where we will have T, = Y. Hence the potential (4.33) is proved to be real. In the meanwhile, the
classical minimal points and the saddle point at the origin are all on this line. Considering

CL 3 S (4.36)
or
the current J can be obtained easily via the Fokker—Planck equation (4.30). It is directly checked that the current
through thisline J,, is real. This shows that quantum tunneling mostly occurs through this line. Further analysis
is given in the appendix.
The second derivatives on this line are always real as well, given that
o, = L [cos(8 + 2¢)sin(Y)sin(Y_) — cos(YLy)cos(Y)
cos?(2¢)
Eexpli0 +20)] | Fexpl—i(0 + 20)] |
2cos?(YT}) 2cos?(Y.)
P, = " [cos(8 — 2¢)sin(Y)sin(Y_) + cos(Y)cos(Y)
cos?(2¢)
cexpli(0 — 20)]  Erexpl—i(0 — 20)] |
2cos?(Y}) 2 cos* (X)) '

(4.37)

Therefore, the potentials of the saddle points and the classical minimal points are

P =0,
®© = —n[2|B]* + ¢ln(1 — B?) + ¢*In(1 — B*?)]. (4.38)
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The related second derivatives are therefore

0% —2 + cexpli(f + 2¢)] + cFexp[—i(d + 20)]
(I)(O) = = 5 YU - >
" ou? ©.0 n( 2cos*(2¢) )
, 0% 2 + cexpli(d — 2¢)] + Trexp[—i(0 — 20)]
9 =_"_"(0,0) = >
T ov? ©0 n( 2cos*(2¢) ]
) = %2(2@[4\/1 — B2J1 — B* 4 2cos(8 + 26)|B]
COos
. cexpli(6 + 2¢)] . crexp[—i(f + 2¢)]
1- B 1 — B ’
= Z(M) [2V1 — B21 — B*? + 2cos(8 — 2¢)|BJ?
COs
cexpli(f — 29)] | Sexpl—i(d — 20)]
+ — + — ] (4.39)

The tunneling time for a symmetric bistable potential in two dimensions is calculated using an extension of the
Kramers method developed by Landauer and Swanson [50, 51], which is called the potential-barrier
approximation [5,41] and generalized for complex cases in appendix.

In the appendix, we have obtained the analytic formation of the tunneling time as shown in equation (A.27).
Since the potential and the related second derivatives have been calculated in equations (4.38) and (4.39), the
analytic result of the tunneling time is:

_a@ T
T = 2T (0) q():’)" (c) exp@(”) - q)(c))’ (4.40)
|glcos2¢ | ;) @) DY)

which can be expressed in terms of our parameters as:

_ 4mcos2¢p

T exp(n[2|B> + ¢ln(1 — B?) + ¢*In(1 — B*?)])

Zel0-20)  pHe—i(0-20)
( B 1_B"
Eei(9+2o) E*e*iw*z‘*"’)
( —® | 1_p"
X (2 + Cel0=20) | pre—i0-200Y1/2 (2 _ zel0+20) _ phe—il0+20))-1/2, (4.41)

Here we have used the relation (1 — B?)(1 — B*?) = |¢|?, which can be checked via equations (4.34) and (4.35).

Ifwesetd = ¢ = 0Oand ¢ = ¢*, which means all the parameters are real, the tunneling time (4.41) can be
simplified to give

~1/2
+ 2|¢] + 2|BJ? cos(f — ZQS))

X

~1/2
— 2|¢| + 2|B|? cos(0 + 2q§)]

_myl+c
&1 -0
This simplified form agrees with equation (4.22) of [41], with parameters are definedas n = u/g%, ¢ = &/

andg = ngyl. Thus, in the situation where all the parameters are real numbers, without anharmonic terms or
detunings, the tunneling time (4.41) reduces to previous results [5, 41].

exp {2n[1 — ¢ + cIn(c)]}. (4.42)

5. Number-state calculations

The tunneling time can also be obtained by solving the master equation (2.34) numerically in the number-state
basis. In this basis the master equation reduces to an infinite matrix equation. Nevertheless, as any physical
system has a finite energy, a suitable energy cutoff will reduce the system to a finite matrix equation. While this
method is only numerically feasible for small photon number, it allows us to check the accuracy of the
approximate analytic calculation given above.

5.1. Number-state basis expansions
We first expand the density operator p in terms of its number-state matrix elements py;, which are defined by

pu = (klpll). (5.1
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Thus, the time evolution is given by
d .| d .
—pp=({1]| — . (5.2)
4 < ‘ &’ ‘ / >
Then the master equation (2.34) under number-state basis becomes
d Kl
Epij = Tij Pr- (5.3)

Here we have used the Einstein summation convention on identical indices. And TJ;-I is a four-dimensional
transition matrix describing the rate of transition from the state p; to the state p;;, which is in the form of

£ — g € = . R : £ — : L
TH = 51/1(1 — D& - ?/(] + DG+ 265 T+ ?/](J — D& - ?/(z + DG+ 265
*
— [vi + % + %i(z’ —1) + g?j(j - 1)]55‘5 +yQJG+ DG+ G+ DG+ 26552

+ 29V JG+ DG+ D L

(5.4)
Here we have used the assumption A, = 0so that £ isreal, and
5:{]1 _Jrifi= k andj =1, .5)
0 otherwise.

The behavior of the system can be characterized in terms of the eigenvalues and eigenvectors of the transition
matrix T’,jl For instance, the eigenvector corresponding to the zero eigenvalue is exactly the steady state of the
system. The first negative eigenvalue is related to the quantum tunneling rate [41].

In order to make the matrix finite, we set a photon number cutoff Nso that0 < 4,7, k,! < N. This
approximation is valid if the high-photon-number states that are ignored play no significant role in determining
the evolution of the system. The four-dimensional matrix Tf-‘jl can be reduced to a two-dimensional one T2 with
this truncation that

QI gy

&~

with
T = §m5§+w - % G+ DG+262 7+ %méé“ - % i+ DG+ 28, N7

* n e
- [71' + 7% + %i(i - D+ g?j(j - 1)]5}3 +yQJGE+ DG+ 2+ DG+ 265N

+ 2O JG+ DG+ Dos N

(5.7)

where

a=(N+Di+j+1, B=W+Dk+I1+1 (5.8)
Here (52 is a Kronecker delta, and &, (3 are in the range of [1, (N + 1)%]. Note that the transition matrix is not
Hermitian because of the single- and two-photon decay process.

We label the kth eigenvalue by €, and its corresponding eigenvector by pg‘) so that
pa() =Y Arexp(ext) pl. (5.9)
k=0

Here the coefficients Ay define the initial state. We order the indices k by the size of the real part of the
eigenvalues, so that R(ex) = R(ex41)- € is the stable eigenvalue (¢ = 0) and pg_f) is the stable state. ¢, is the
tunneling eigenvalue so the tunneling time is obtained [41]

Ty = — 2. (5.10)
€1

5.2. Tunneling time calculations and comparisons
We will compare the tunneling times obtained from using the P-representation (4.41) with those obtained using
anumber-state expansion (5.10). By changing the parameters ’yil), ~3), € and A, the results for the tunneling

time are shown in the figure 4. Here we have noted that parameter ¢ consists of 751), v, v, A;and & as shown

18



I0OP Publishing New J. Phys. 21 (2019) 093035 F-X Sunetal

16 25
(@) (b)

14

In(4")T)
o

10 |
8 L
1 15 2 25 3
AV (kHz)
15
16
(c) (d)
__ 10} 1 15.5
5 =
> == 15
£ 5 £
14.5
0°°
0 ‘ ‘ 14 : : :
0 5 10 15 -1 -0.5 0 0.5 1
£ (kHz) Ay (kHz)

Figure 4. Comparisons of the tunneling time obtained by P-representation (4.41) (blue lines) and those by number-state

expansion (5.10) (red circles) changing with ,751) (@), 7? (b), € (¢),and A, (d), respectively. In the figure (a), other parameters are

A = 0,7(2) = 1kHz, x = 0.1 kHz, £ = 10 kHz,and n = 9.95. In the figure (b), v = 2 kHz, y = 0.1 kHz, £ = 10 kHz. In the
figure (c),y = 2 kHz, 7(2> = 1 kHz, x = 0.1 kHz. And in the figure (d), 751) =15 kHz,'y(z) = 0.8 kHz, x = 0.1 kHz, £ = 10 kHz,
andn = 12.40. Wenote that & = (y — g)/(gn), v = 1\ + iA, n = |€/gl,and g = ¥® + ix, so the parameters & and n will
change with 'yil) (@), Y® (b), £ (c)and A (d). In all the figures, the number-state expansion results are obtained with a particle
number cut-off N = 70, after the adiabatic elimination.

in equation (4.8), and n consists of 7%, x and £ shown in equation (2.31). The parameters has been chosen to
satisfy 2R(¢) > 0, with large single-photon loss and small nonlinear couplings, and |¢| < 1, above threshold.

Since there is a potential barrier between the minima, quantum tunneling is a slow effect. Hence, we use
ln(ﬂl) T) to compare the results in the limit of large tunneling time T. It is expected that the analytic potential-
barrier approximation will be most reliable for large tunneling times. We show below that, as expected, the
analytic results agree exceptionally well with numerical results for large tunneling times, which is the limit of
most interest for understanding spontaneously broken symmetry.

Figures 4(a) and (b) show that damping speeds up quantum tunneling. Figure 4(c) shows that an increased
driving will increase the tunneling time, since the parameter £ is proportional to the driving &,. The change in
tunneling time with the detuning A is shown in figure 4(d), where the largest tunneling time occurs at
A, = —0.2 kHz because of the nonzero nonlinearity y. With large detuning A, the tunneling time will be
reduced as shown in the figure 4(d). It is also clear in the figure 4(c) that the potential-barrier approximation fails
when the quantum tunneling becomes too fast, as expected for this approach.

The behaviors of tunneling time changing with driving can be understood from the analytic equations. At
large driving &, the parameter n increases while n¢ remains unchanged. From the formation of the classical
stable points (4.17), it is directly checked that the stable points move away from each other in this case. In
addition, the potential barrier becomes larger according to equations (4.38). Therefore, the quantum tunneling
is suppressed when we increase the driving £ considering the analytic result (4.41)
provides T ~ exp(®© — &©),

A similar analysis can be applied on the results of figure 4(a) and (b) as well. When the dampings 751) and
become larger, we find that the positions of the stable points (4.17) only change slightly, but the potential
barrier (4.38) will greatly decrease. Thus, increasing the dampings 1{"’ and v* speed up quantum tunneling,

The dependence of the tunneling rate changing on the nonlinearities x and x are shown in figure 5. From the
formations (4.8)and (4.31), ¢ and ¢ willbe real if y = v® A, / 751) considering there is always a nonzero

(2)

damping 751) in realistic systems. In the case of A} = 0, we will have x = 0 when ¢ is real. This is the case shown
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Figure 5. Comparisons of the tunneling times obtained using the P-representation (4.41) (blue lines) and those using the number-
state expansion (5.10) (red circles) changing with the anharmonic nonlinearity x (a) and the parametric nonlinearity  (b). In figure
(a), the other parameters arey = 1.5 kHz, ’y(z) = 0.5 kHz, £ = 8 kHz. In figure (b),y = 1.5 kHz, 722) = 0.1 kHz,~, = 20 kHz,

X = 0.1 kHz, & = 40 kHz.Because & = (y — g)/(gn), v = 7/51) +iA, g=79P +ix = 752) + HZ/(Z’}/Z) + iy, n = |€/gland
& = k&> /v,, the parameters ¢ and n will change with the x (a) and x (b). In both figures, number-state expansion results are obtained
with a particle number cut-off N = 100, after adiabatic elimination.

in figure 5 (a), where Y = 0 corresponds to the largest tunneling time. This shows that the nonlinear coupling x
will decrease the tunneling time. This result is consistent with the previous ones in similar by simpler
systems [26, 27].

This behavior can also be obtained from the analytic result for the tunneling time (4.41). Considering the
definitions ¢ = (2y — g)/(2gn), n = |E/gland g = v + iy, itis directly checked that ¢ and n will decrease
if the nonlinearity x becomes larger. Then from the results of the potential for the saddle point and the classical
stable points (4.38), we see that the difference of the potentials becomes smaller. Hence, the nonlinearity y will
reduce the potential barrier height and thus speed up the tunneling.

The effects of the nonlinearity s are more complicated than y as shown in figure 5 (b), which were not
treated in previous study on single-mode nonlinear resonators [26, 27]. Here we show that x will increase the
tunneling time when it is small, and decrease the tunneling time once it is large enough. This can be understood
by considering that £ oc xand @ oc x?if 752) is negligible. Thus when & is small, the effect of £ dominates,
which will increase the tunneling time. When # is large enough so that the effect of 7* becomes more
important, the quantum tunneling will then be sped up.

We also note that the analytical results are not expected to agree very well with the numerical results with
large nonlinearities x and « if other parameters are fixed. This is because the dimensionless driving field is
smaller, which also decreases the potential barrier height, and therefore reduces the validity of the analytic
approximations used for tunneling calculations. Essentially, in this limit there is no real tunneling, and the
broken time-translation symmetry is rapidly restored.

6. Conclusion

In this paper, we have studied general quantum subharmonic generation with additional detunings and
anharmonicity, which has been experimental achieved [24] in superconducting microwave cavities. With
driving, damping and nonlinearity considered, we obtained the steady-state solution of the Fokker—Planck
equation using the adiabatic approximation and the zero-temperature limit, in order to understand pure
quantum tunneling effects. Because of the nonlinearity, a complex parameter ¢ has been introduced. This means
that the potential of the steady state is in general complex, which is different from the previously studied
quantum optical subharmonic generation systems where the potentials were always real.

Quantum tunneling has been studied in this non-equilibrium system. This is related to quantum time
symmetry breaking, as it defines the maximum time that a spontaneously broken time phase can exist before
randomly switching to a different discrete time phase. By studying the manifold of the steady-state potential, we
find that quantum tunneling will occur in the parameter region of 93(¢) > 0and|¢| < 1,i.e. the region oflarge
single-photon loss, small nonlinear couplings and above threshold. The tunneling time has been obtained
analytically using the potential-barrier approximation. In the expected domain of applicability of large
tunneling time, the results agree with numerical calculations using a number-state basis.

These results show that the anharmonicity x will enhances quantum tunneling rates compared to previous
cases with no anharmonic term. This may have practical applications for escaping a local minimum in quantum
neural networks [22, 23], where the global potential minimum is the desired computational solution.
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Appendix. Tunneling rate for complex Fokker—Planck equations

Previous research on tunneling rates [5, 41, 50, 51] has treated real potentials. For our system, we obtain a
complex potential barrier and a complex Fokker—Planck equation. Thus, we must generalize the potential-
barrier approximation [50, 51] to treat such complex Fokker—Planck cases.

Without loss of generality, we will study the complex Fokker—Planck equation

op _ yy Lo
aT—[ (agA(<<)+2 ag2)+hc] (A1)

The notation h.c. has the same meaning as we introduced in section 2.6. Our Fokker—Planck equation (2.32) can
be written in this form with the transformation

(=sin"'3, (t=sin"!pt. (A.2)
The manifold we are concerned with (4.21) is then transformed into:

¢ =sin~![x + ix tan (¢) cos? (xm/2) cos? (yr/2)],
¢t =sin~![y — iy tan () cos? (x7/2) cos? (yn/2)], (A.3)

with the classical stationary points 3 = +e?| 3 |transformed into () = <+re™. This manifold gives the
correct behavior in the limit of p — 0, as introduced in the section 4.5. The steady-state solution can be
expressed by a potential ®, which satisfies

0P o0
o0 "GN ST =G, (A.4)

Thus the potential ®(¢, (") isin general complex for complex variables (¢, ¢*). In the situation where
¢t = (* itis directly checked that the potential ®({, (1) is real. The stationary points can be calculated by
using the first derivatives, which are divided into three groups: the origin solution (( = ¢ = 0), the classical
solutions ((* = ¢*)and the nonclassical solutions ((* = —(*). Here we are interested in the quantum
tunneling between the classical stationary points through the origin.
Given the classical stationary points (© = re', we will introduce the transformation
U = e 0/2e19¢ 1 /2100 +
= e 10/2e=i0¢ — i0/2ei0¢+ (A.5)

where ¢ = b — 0/2. Then the inverse transformation takes the form

io —ig
ei‘g/ze u+ e v

¢= cos(2¢)
o+ = i€ U — € (A.6)
cos(2¢)
In this case, the Fokker—Planck equation is transformed to
OP 0 . . ‘ 0 . . ‘ 0% cos(2¢) 0% cos(2¢)
—[el@ 24D A(u, v) + h.c.] + =—[el?2=DA(u, v) — h.c. + —
or {au[ e ] 81/[ e I+ o n or n
(A7)

The notation h.c. indicates hermitian conjugate terms obtained by the replacement of u — u, v — —vand the
conjugation of all complex parameters. Considered the manifold (A.3), itis directly checked that v is real on this
manifold except on the boundaries, while u is in general complex. But for the situation of ¢ = (", wehavev = 0
with uis real. All the points on the line of v = 0 with real u have real potential ®(u, v) as well as the real second
derivatives @, and ®,,, which is proved in the section 4.7. The classical stationary points and the origin solution
areall located on the line of v = 0 with real u. We suppose that the classical stationary points are local minima
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and the origin is the saddle point, as we have in section 4.3. As discussed in [51], the quantum tunneling will take
place through the direction of u because of the symmetry. In the following, we will reproduce the analysis of [51]
so that the potential-barrier approximation can be generalized for the complex potential cases.

Asintroduced in [51], the current flow from a local minimum of the potential, located at negative 1 and
labelled as Cy, to the another minimum, located at positive 1 and labelled as C,, has the form

j=—pDV® — DVp. (A.8)

Here pis the density and D is the diffusion coefficient. We have taken the zero-temperature limit as we did in the
main text. The equilibrium case with Boltzmann distribution

p x exp(—P), (A.9)
leads toj = 0. Thus we set
p = nexp(—9), (A.10)

in the non-equilibrium case, then the variation of 7 indicates the extent of the deviation from equilibrium and
the flow (A.8) becomes

j = —D(Vn)exp(—). (A.11)

In the following, we assume that D is constant in the neighborhood of the saddle point, which is exactly true in
our situation where D = cos(2¢) /n. To obtain the magnitude of current (A.11), this assumption requires a
relatively large value of V7 near the saddle point, where exp(—®) is small, and much smaller values of V7 near
the minima, where exp(®) has larger values. Therefore the major departures from equilibrium take place only in
the neighborhood of the saddle point.

For our case where the two potential minima are at the same value, [51] has shown that at the symmetry
plane, jis perpendicular to the symmetry plane, and j has the same direction throughout the neighborhood of
the saddle points. Here we will use the same assumption where u has been proved to be this direction. Then
equation (A.11) tells us that is only a function of u in the neighborhood of the saddle point. Therefore, we can
integrate equation (A.11)

n(u) = —f ]—“exp[é(u’)]du’. (A.12)
o D
In the saddle-point neighborhood, the potential ® depends quadratically on the spatial coordinates
3= 4 Lo, Lgo,2
2 uu 2 w
=@ — %éff%ﬂ + %5(;” 2, (A.13)

where the second derivatives ¢ = — 7, ¢ = &%) are both positive due to the manifold of the saddle-point
neighborhood. Thus we have

© (2 (0),,2
S, ; ) + fvz du'. (A.14)

77(”) — 7D71L/(;u ju eXPI:(I)(D) —

The continuity of current, V - j = 0, requires that j, be independent of u. Considering that 7 is only dependent
on u in the neighborhood of the saddle point, the factor j, exp[£(*v? / 2]is thus a constant. The only remaining
variable is exp[—¢ ff) (u')? / 2]. The integrand is then large only at the saddle point # = 0, and diminishes rapidly.
Therefore, at a relatively short distance away from the saddle point, 77(u) approaches a constant limiting value: a
positive value in the minimum C; and a negative value in the minimum C,.

Next, we will evaluate the population difference A, which is equal to twice the population of the classical
minimum C;

A=2 dudv n(G)exp(—P)

G

©2 1 ¢©,2
= 21(Q)exp (—P©) f dudy exp(—%} (A.15)
C
Here we have used an expansion appropriate to the minimum C,
o = PO 4 %@5;3 u? + %i)(vﬁ)vz = 0@ + %ff)uz + %f(vc)vz, (A.16)

where {9 = @19, ¢ = {-) are both positive second derivatives due to the manifold of the neighborhood of
the minimal point. Then we will get the difference
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5 1/2 5 1/2
A=277(C1)exp(—<1>(f))(£:;] (&Tﬂ)] . (A17)

In order to obtain the tunneling time, we need to evaluate the total current J crossing the saddle point as well.
Since 77is only dependent on u in the neighborhood of the saddle point, the equation (A.11) is equivalent to

I = —D(@) exp (—®). (A.18)
Ju
In the symmetry plane containing the saddle point (4 = 0), we will then obtain
(0),,2
Ju = _D(@) exp| —®© — —€V i | (A.19)
814 u=0 2

Integrating over v gives the total current
(0),,2

1/2
= — @ _H) _ 51, _ (@) a0 27T
J D(E)u )u_o exp(—® )fdv eXp( 5 D ™ M:Oexp( o)) @) (A.20)

The dimensionless tunneling time is then obtained as

A 2w (@ [59

Ttunnel = 7 = D (677/8”%:0 5546)55/6)

Now we need to evaluate 7(C,) /(91/0u),—o. From the equation (A.12), we will get

] exp (@ — ©), (A.21)

(C) fcl ju (I)(D) gito)uz d (A 22)
=— ~ex — 22— |dy, .
T o D P 2
where j,, is the current density at the saddle point, which takes the form via equation (A.11)
o — D(@) exp (— 0O (A.23)
! au u=0,v=0
Then we have
o (04,2 1/2
n(G) = (@) f exp| — Su du ~ —l(@) 27 . (A.24)
au u=0,v=0 0 2 2 8“ u=0 5540)
Thus, we get
C 1(2r)”
IR i (A.25)
O/ 2| €9
The tunneling time in dimensionless units then takes the form
@ \/? O
. & exp(P© — @) = 2mn kil exp(®© — ©)). (A.26)
D 5(0)5(5)5(6) cos(2¢) P H© o)

Noting that we have rescaled the time as 7 = &t insection 2.6 and n = £/|g|, the dimensional tunneling time of
our system is therefore

1

_p 2

T— _ 2T P | exp@© — o), (A.27)
lglcos(2¢) | D) @) D)

which was used to obtain the analytic expression for the tunneling time in (4.41).
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